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Abstract
Satellite data contribute to a better description of the secular variation of the main geomagnetic field. In that
respect, the upcoming SWARM mission will increase the length of the continuous record which started in 1999,
while allowing for a better separation of internal and external sources. In order to make the best use of that
wealth of data, we consider the possibility to ressort to data assimilation, as now routinely used in the fields of
meteorology and oceanography. Geomagnetic data assimilation aims at identifying the physics of the Earth’s
core responsible for the secular variation recorded by satellites and in long-lived, ground observatories. Data
assimilation should yield a more accurate forecast of the secular variation, and enable the reanalysis of historical
observations. The physics at the heart of our assimilation scheme is based on the assumption that the dynamics
responsible for the fast (i.e. interannual) variations of the main magnetic field is quasi-geostrophic. Here we
focus on various aspects of our assimilation scheme: the zonal and non-zonal components of the model, the
observation operator, and show preliminary results concerning the magnetic field inside the core.

The physical model (Canet et al., 2009)
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Fig. 1. Our physical model of the secular variation assumes a flow invariant along the direction of the rotation

of the earthΩ. The columnar dynamics takes place in the equatorial plane.The connection with magnetic

observations is made by assuming that the mantle is an electrical insulator.

Connection with the observations at the core-mantle boundary (CMB):
∂Br
∂t

= −∇H · (uBr)

with
u = −ez × ∇Ψ(s, φ) + uφ(s)eφ .

The magnetic induction is described by the magnetic flux function
B = ∇ × A(s, φ)ẑ

Zonal component: Torsional oscillations
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Non-zonal component: Vorticity equation
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with J the Jacobian:
J(Ψ, A) = (∇Ψ × ∇A) · ẑ

Induction:
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= J(Ψ, A) + S−1
∇

2A

Non-dimensional numbers:λ (Lehnert) and S (Lundquist) (Jault, 2008)
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Methodology
In a variational framework, we wish to minimize a functionalJ which writes symboli-
cally
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Here,x is the state vector, whose components depend on the subset ofthe model con-
sidered. The catalog of observations is denoted withyo, and the observational errors
are characterized by a covariance matrixR. The second part of the functional is a norm
–which we may use in order to find solutions with a moderate level of complexity. We
resort to the variable storage quasi-Newton algorithmm1qn3 (Gilbert & Lemarechal,
1989) to find the minimum ofJ . We compute the sensitivity ofJ to its control vari-
ables (in most instances the initial conditionx0) using the adjoint model of the tangent
linear model associated with the forward model of interest.In the case where the control
variable is the initial condition, one may show that∇x0J = a0, in whicha0 is the
adjoint variable at discrete time0 obtained after integrating

ai−1 = M ′T
i−1ai + HT

i−1R
−1
i−1(Hi−1xi−1 − y

o
i−1) + Wxi−1,

starting froman+1 = 0. M ′T is theadjointmodel (e.g. Fournier et al., 2007).

Twin experiments with torsional oscillations

Forward integration:ωg(s, t)
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(Canet et al., 2009)

Fig. 3. Leftmost column: propagation of the true torsional oscillation. 2nd from left: the retrieval of the initial condition

for the angular velocity for various widths of the assimilation windows, in the case of perfect synthetic observations.Third

from left: the retrieval of the{B2
s} profile. Rightmost column: in case of noisy observations (here a Gaussian noise of

standard deviation10−1 Brmsr has been added to the synthetic database, produced using theimperfect observation

operator (L = 15)), it is mandatory to add a smoothing term to the objective function.

For a first geophysical application of this component of the
model: see the poster by Gillet et al.!

The observation operator
Since our knowledge ofBr at the top of the core is limited to its large wavelengths (below spherical
harmonic degreeL), we follow e.g. (Backus et al., 1996, chap. 4) and introducean averaging kernel,
such that at a given location(θo, φo)

(HBr)(θo, φo) =
L + 1

4π

∫ π

θ=0

∫

2π

φ=0

Br(θ, φ)P (1,0)
L (cos α) sin θdθdφ,

in which cos α = sin θ sin θo cos(φ − φo) + cos θ cos θo, andP (1,0)
L is a Jacobi polynomial

of orderL.

Fig. 2. Left: The averaging kernel represented here forL = 10. Middle: An example ofBr at the core-mantle boundary defined up to

spherical harmonic degree85, computed using theParody_JA code (Aubert et al., 2008). Right: the result of applying thekernel to that

specificBr .

The Magnetostrophic balance hypothesis
In order to get a preliminary feeling for the structure of themagnetic flux function inside the core, we
assume that a magnetostrophic balance is satisfied at all instant, namely that
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With a givenΨ, we can try and solve the above non-linear problem, providedwe specify boundary
conditions forA. In this study, we have assumed thatA = 0 on the tangent cylinder, that the radial
derivative of the zonal component ofA is zero at the CMB, and that the non-zonal component ofA
is zero at the CMB.

ψ(s, φ) in 2001
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Fig. 4. Left: our ‘datum’ consists in the streamfunction computed in a kinematic framework by Gillet et al. (2009), shown here for epoch

2001.0 and based upon the xCHAOS model of Olsen & Mandea (2008). From left to right, the magnetic flux function we obtain, the recovered

streamfunction (the relative error is8 %), the non-zonal equatorial magnetic field, and the corresponding profile ofBs r.m.s. as a function

of cylindrical radius.

Benefit from adding the temporal dimension
Still in the context of twin experiments, we wish to estimatethe steady streamfunction responsible
for a synthetic catalog of secular variation and quantify the benefit we get from having a series of
observations related to one another, as opposed to a single snapshot.
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Fig. 5. Left: Maps in the equatorial planeΣ of the steady streamfunctionΨ: a: true state, b: analyzed state with a single epoch inver-

sion, c: analyzed state withT = 0.57tadv . Contours are drawn each 0.05. Extrema are−0.33; 0.54 (a), −0.49; 0.54 (b),

−0.43; 0.56 (c). Right: Effect of the assimilation timeT on the analyzed state at a fixed observation frequenciesfy = 100t−1
adv

.

measured with‖Ψt − Ψa‖2/‖Ψt‖2 . The result forT = 0 corresponds to the single epoch inversion.

Summary
Adding the time dimension helps partially overcome problems due to spatial sub-
sampling.

We have validated the implementation of the adjoint torsional oscillation model.

Inversion of the magnetic flux functionA using quasi-geostrophic core flow mod-
els, under the magnetostrophic approximation, allows us torecover more than
90 % of the flow provided that the rms field is quite large (∼ 10 mT).

Future work
Implement the full dynamical model to constraint the evolution of the flow and the
flux function between successive epochs.

Variational data assimilation algorithm: Simultaneous inversions forA, Ψ andBr
directly from magnetic observations during a significant time interval.
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